Frames in Hilbert and Banach spaces are considered and their properties in the context of Noetherian mapping are studied in this paper. Atomic decompositions in Banach spaces are also considered. The concept of K -closeness is introduced. The stability of frame properties and atomic decompositions with respect to K -closeness is proved.
Introduction
Frame theory has a diverse array of applications in many scientific fields, that's why the global interest in it is growing at a rapid pace. Many monographs and review articles have been dedicated to it (see, e.g., [11, 10, 24, 6, 7, 8, 15, 12] , etc.). This theory dates back to the seminal paper by R.J.Duffin and A.C.Schaeffer [13] . Later, there appeared various generalizations of the concept of frame such as Banach frames, p-frames ( [1, 9, 19] ), etc., and the methods to build a frame have been developed. One of these methods is a perturbation method. Many results have been obtained using this method in the context of classical Paley-Wiener theorem on the perturbation of orthonormal basis (more details on these results can be found in O.Christensen's [7, 8, 9] ).
It should be noted that, unlike the Hilbert case, the definition of a Banach frame in general does not guarantee the atomic decomposition for arbitrary element of the space (or for any element of the closure of the linear span of considered system). In special cases, such decompositions hold. L p -case has been considered by A. Aldroubi, Q. Sun, W.Sh. Tang in [1] , where the concept of p-frame was introduced and the atomic decomposition with respect to shift invariant subspaces of L p were obtained. This idea has been extended to the general Banach case by O.Christensen and D.T. Stoeva [9] . The above-cited works introduced the concept of q-Riesz basis with respect to the Banach space, which is the generalization of the Riesz basis introduced by N.K. Bari in [2] . Similar results have been obtained in [3, 4, 5, 20, 22, 23, 21] .
In this paper, we consider the frames in Noetherian mapping in Hilbert and Banach spaces. Atomic decompositions in Hilbert and Banach spaces are also considered. More precisely, we consider the perturbations of atomic decompositions and frames in Hilbert and Banach spaces. The concept of Kcloseness is introduced and the stability of atomic decomposition and frame properties with respect to this closeness is proved.
Needful Information
We will use the standard notation. N will be a set of all positive integers; Banach space will be referred to as B-space; Hilbert space will be referred to as H-space; · X will denote a norm in the space X; (· ; ·) X will denote a scalar product in X; L [M ] will denote the linear span of the set M and M will stand for the closure of M ; δ nk will be the Kronecker symbol; • will be a symbol of composition; X * will stand for a space conjugated to X; D T (R T ) will denote a domain (range of definition) of the operator T ; I X will be an identity operator in X; KerT will stand for the kernel of the operator T ; L (X; Y ) will denote a B-space of bounded operators from X to Y ; dim X will stand as usual for a (linear) dimension of X; and by X/ X 0 we will denote a factor space with respect to the subspace X 0 ⊂ X. Throughout this paper x will be denoted x ≡ {x n } n∈N .
Let us recall the definition of Noetherian operator. Let X, Y be B-spaces and T : X → Y be a linear operator. IfR T = R T and α = dim KerT < +∞, β = dim Y / R T < +∞, then the operator T is called Noetherian and the number ae = α − β is called the index of the operator T . For α = β, T is called a Fredholm operator.
We will also use the concepts of left and right regularizers. Operator
where T X (T Y ) is a completely continuous operator in X (Y ). It is known that (see, e.g., [18] ) any left regularizer of Noetherian operator is also its right regularizer, and the converse is also true. By regularizer we will mean the left or the right regularizer.
The following statement is true.
be a Noetherian operator and R ∈ L (Y ; X) be its regularizer. Let the operator B ∈ L (X; Y ) satisfy the condition B < R −1 . Then the operator A + B is also Noetherian and its index is equal to the index of the operator A : ae (A + B) = ae (A).
More details about these and other facts relating to Noetherian operators can be found in [18] .
Let's recall some concepts and facts from the theory of frames. First, let us give a definition of atomic decomposition. 
The concept of frame is a generalization of the concept of atomic decomposition. Definition 2.3 Let Xbe a B-space and K be a B-space of the sequences of scalars. Let {g k } k∈N ⊂ X * , and S : K → X be some bounded operator. Then {g k } k∈N ; S forms a Banach frame for X with respect to K if :
A and B will be called frame bounds.
Statement 2.4 [7] Let X be a B-space and K be a B-space of the sequences of scalars with a canonical basis {δ n } n∈N , where δ n ≡ {δ kn } k∈N . Let {g k } k∈N ⊂ X * and S ∈ L (K ; X). Then the following statements are equivalent to each other: (i) {g k } k∈N ; S forms a Banach frame for X with respect toK ; (ii) {g k } k∈N ; {S (δ k )} k∈N is an atomic decomposition of X with respect to K .
Future K will be called as K-space.
3 Main Results 3.1. Hilbert case. First let's consider the case of H-space. Let X (Y ) be an H-space with a norm · X ( · Y ), the system {x n } n∈N ≡ x form a frame for it and A; B > 0 be the corresponding frame bounds. Let T ∈ L (X; Y ) be a Noetherian operator. Then it is clear that R T is closed. It is known that (see, e.g., [24, 6, 7, 8] 
Consider the restriction of T on X 1 , and denote it by T 1 , i.e.
, and it is bounded invertible as R T 1 = R T (invertibility follows from the Banach theorem). Following [7] , we call T
It follows directly that
where y *
Let us show that the system y forms a frame for Y 1 . Projectors generated by the decomposition X = KerT+X 1 are denoted by P 0 and P 1 , respectively. It is obvious that the projectors P 0 and P 1 are continuous.
We have
where y = T x. Thus
On the other hand, let y ∈ R T ⇒ ∃x ∈ X : T x = y. Hence T x = T x 1 , where
Taking into account that
As a result, it follows from (1) that
Thus, the following theorem is valid.
Theorem 3.1 Let X; Y be H-spaces and T ∈ L (X; Y ) be some Noetherian operator. If x ≡ {x n } n∈N ⊂ X forms a frame (is an atomic decomposition) for X, then y ≡ {T x n } n∈N is a frame sequence (sequence of atomic decomposition) in Y .
This theorem has the following corollaries.
Corollary 3.2 Let T ∈ L (X; Y ) be a Fredholm operator. If x forms a frame (is an atomic decomposition) for X, then T x = y (i.e. y n = T x n , ∀n ∈ N) also forms a frame (is an atomic decomposition) for Y , if y is complete in it.
In fact, if all the conditions of this corollary are fulfilled, then it is not difficult to see that the operator T is bounded invertible as R T = X. The rest follows directly from the definitions of atomic decomposition and frame.
Corollary 3.3 Let T = I X + K, where K is a compact operator in X, and the system x forms a frame (is an atomic decomposition) for X. Then the system y = T x also forms a frame (is an atomic decomposition) for X.
The following corollary is also holds.
Corollary 3.4 Let T ∈ L (X; Y ) be a Noetherian operator and the system x be a frame sequence in X. Then the system T x is also frame sequence in Y .
If we take L [ x] as X, then the latter corollary will follow from Theorem 3.1.
3.2. Banach case. Let X; Y be B-spaces and K be some B-space of the sequences of scalars with a norm · K . Assume that the couple { x * ; x} is an atomic decomposition of X with respect to K , where K : K → X is a decomposition operator defined as follows
Similarly we obtain
Consequently, the following relation is valid
where
. Thus, we get the validity of Theorem 3.5 Let T ∈ L (X; Y ) be a Noetherian operator and { x * ; x} be an atomic decomposition of X with respect to
The similar result is true with respect to the frame. Let { x * ; S} form a frame for X with respect to K and T ∈ L (X; Y ) be a Noetherian operator.
be a pseudoinverse operator of T . Assume y * = T * p x * . It is absolutely clear that y * ⊂ Y * . Similar to the previous case, we can show that y * (y) ∈ K , ∀y ∈ R T and the relation (2) holds. Let S 1 = T S. We have
It is clear that S 1 ∈ L (K ; Y ). Thus, the following theorem is true.
* ⊂ X * and { x * ; S} form a frame for X with respect to K . Then the pair { y * ; T S} forms a frame for R T , where y * ≡ {y * n } n∈N = T * p x * n n∈N = T * p x * , and T p is a pseudoinverse operator of T .
4 K -Close atomic decompositions and frames 4.1. Hilbert case. Quadratically close frames. Let X be an H-space and the system x form a frame for it. Systems x; y ⊂ X are called quadratically close in X, if ∞ n=1 x n − y n 2 X < +∞. The following easily provable lemma is true. Theorem 4.1 Let the system x form a frame for X and the system y be quadratically close to x. Then the system y forms a frame for L [ y].
Proof. Let n 0 ∈ N :
where A is a constant in condition (ii ), Definition 2.3. Assume z n ≡ x n , n = 1, n 0 , y n , n > n 0 .
It is absolutely clear that
. By Theorem 15.1.1 of [7] we obtain that the system z ≡ {z n } n∈N also forms a frame for X. As a result, it follows from Theorem 15.2.1 of [7] that the system y is a frame sequence. The theorem is proved.
4.2. Banach case. K -close frames. Consider the case of B-space. Let X be a B-space and x * ⊂ X * . x * is called q-Besselian if
where M > 0 is an absolute constant. Systems x; y ⊂ X are called p-close if ∞ n=1 x n − y n p X < +∞. Assume that K is some K-space with a canonical basis {δ n } n∈N . Then it is absolutely clear that the conjugate space K * can be identified with the Kspace of elements ϑ ≡ {ϑ n } n∈N , generated by the functionals ϑ * ∈ K * , where
Thus, every element ϑ ∈ K * generates a (continuous) functional by the following expression
Now we introduce the following concepts.
where B > 0 is a constant.
Definition 4.3
The systems x; y ⊂ X are called K -close if
Let x * ⊂ X * , y ⊂ X be some systems. Assume
It is absolutely clear that X y is a linear subspace of X.
In the sequel, we will need the following Lemma 4.4 Let { x * ; x} be an atomic decomposition of X with respect to K and the system y ⊂ X differ from the system x by a finite number of elements, i.e. y n = x n , ∀n ≥ n 0 + 1, where n 0 ∈ N is some number. Then ∃ y * ⊂ X * : { y * ; y} is an atomic decomposition of X y with respect to K .
Proof. Consider the operator
It is clear that T 0 is a finite dimensional operator, and, as a result, T = I X − T 0 is a Fredholm operator. It is easy to see that
Proceeding in the same way as in the proof of Theorem 3.5, we get the proof of Lemma 4.4.
Remark 4.5 It should be noted that, generally speaking, X y = L [ y]. In fact, let X be B-space with the basis f and f * is an appropriate conjugate system.
Let K f be a space of coefficients of basis f . Assume
It is easy to see that x * ; x; K; K f is an atomic decomposition of X. Accept y 1 = 0, y 2 = f 1 , y n = f n−1 , ∀n ≥ 3. We have card {n :
Let K have a canonical basis and { x * ; x} be an atomic decomposition of X with respect to K . Suppose that x * ⊂ X is K * -Besselian and the system y ⊂ X is K -close to x, i.e. the relations (3) and (4) are true. Assume
The basicity of the system {δ n } n∈N in K directly implies λ n 0 K → 0, n 0 → ∞. Take some n 0 ∈ N : λ n 0 K < B −1 . Define the system z ≡ {z n } n∈N as follows
Consider the operator
and put T = I X − T 0 . We have
In the sequel, we will assume that the space K * has the following property
Then, taking into account (3) and (5), from (6) we obtain
Hence the operator T ∈ L (X) is an automorphism in X. We have
Take ∀z ∈ X. Consequently, ∃! x ∈ X : T x = z. As a result, we obtain
z} is an atomic decomposition of X with respect to K . By virtue of Lemma 4.4 we obtain that ∃ y * ⊂ X * : { y * ; y} is an atomic decomposition of X y with respect to K . Thus, the following theorem is true. Theorem 4.6 Let K-space K have the canonical basis and possess the property α). If { x * ; x} is an atomic decomposition of X with respect to K and the system y ⊂ X is K -close to x, then ∃ y * ⊂ X * : { y * ; y} is an atomic decomposition of X y with respect to K .
This theorem has the following Corollary 4.7 Let K-space K have the canonical basis and possess the property α). If { x * ; x} is a sequence of atomic decomposition in X with respect to K and the system y ⊂ X is K -close to x, then ∃ y * ⊂ X * : { y * ; y} is also an atomic decomposition of X y with respect to K .
The scheme of the proof of Theorem 4.6 is applicable to the more general case. Namely, the following theorem is true.
Theorem 4.8 Let X be a B-space, K k , k = 1, 2; be K-spaces, K 2 have a canonical basis and have the property α). Let { x * ; x} be an atomic decomposition of X with respect to K 1 , where the system x * ⊂ X * is K * 2 -Besselian and the system y ⊂ X is K 2 -close to x. Then ∃ y * ⊂ X * : { y * ; y} is an atomic decomposition of X y with respect to K 1 .
It follows
Corollary 4.9 Let the spaces X, K k , k = 1, 2; satisfy the conditions of Theorem 4.8. Let { x * ; x} be an atomic decomposition of L [ x] with respect to K 1 , where x * ⊂ X * is K * 2 -Besselian and the system y ⊂ X is K 2 -close to x. Then ∃ y * ⊂ X * : { y * ; y} is an atomic decomposition of X y with respect to K 1 . Now let's consider frame perturbation in B-spaces. Let X be a B-space, K be some K-space and the pair { x * ; S} form a frame for X with respect to K , where x * ≡ {x * n } n∈N ⊂ X * , S ∈ L (K ; X). Let the system x * be K -Besselian, i.e. let the inequality (3) hold and S 1 ∈ L (K ; X) be some operator. We have
Put
, then it follows from (7) that S 0 < 1, and, as a result, the operator T = I X − S 0 is invertible in X. Take ∀y ∈ X ⇒ ∃! x ∈ X : T x = y. We have
. From the relation
it follows that y * (y) ∈ K as T −1 y ∈ X. On the other hand
Thus, we have proved the following theorem.
Theorem 4.10 Let X be a B-space, K be a K-space and the pair { x * ; S} form a frame for X with respect to K . If the operator S 1 ∈ L (K ; X) satisfies the condition S − S 1 K →X < B −1 , then ∃ y * ⊂ X * : { y * ; S 1 } also forms a frame for X with respect to K .
5 Some Applications 5.1. Perturbation in the sense of Littlewood-Paley. By l p; p−2 we denote a K-space of sequences with a norm
The classical Paley theorem can be stated as follows. Paley theorem. An arbitrary uniformly bounded orthonormal system
It is absolutely clear that the space l p; p−2 , 1 < p ≤ 2, has a canonical basis and possesses the property α). It is not difficult to see that the conjugate of l p; p−2 is the space l q; q−2 with a norm
Taking into account Corollary 4.9, we obtain Corollary 5.1 If the system ψ ≡ {ψ n } n∈N ⊂ L p (a, b) is l q; q−2 -close to ϕ, i.e. 
where q (x) ∈ L 1 (0, π) is a real function, σ ∈ R. This spectral problem can be understood in the sense of V.A.Ilyin [16] . We are interested to find out: for which sequences {λ n } n∈N ⊂ R the system {y λn (x)} n∈N , as a solution of the problem (8), forms a frame for L p ≡ L p (0, π)? Note that a similar question in the context of Riesz basicity has been earlier studied in [14] . Let λ ≡ {λ n } n∈N ⊂ R be some sequence and consider the system of cosines c λ ≡ {cos λ n x} n∈N . As is known (see, e.g., [17] ), the following relation holds y λ (x) = cos λx + It is absolutely clear that K is the Volterra operator, and hence the operator I Lp + K is bounded invertible in L p . Then, the relation y λ (x) = I Lp + K cos λx and the results of previous section imply that the system {y λn (x)} n∈N is an atomic decomposition of L p (forms a frame for L p ) if and only if the system of cosines {cos λ n x} n∈N has the same property. Thus, the following theorem is true.
Theorem 5.2 Let K-space K have the canonical basis and possess the property α). Let q ∈ L 1 and {λ n } n∈N ⊂ R be some sequence. Then the system {y λn (x)} n∈N , as a solution of Cauchy problem (8) , is an atomic decomposition of L p (forms a frame for L p ) with respect to K if and only if the system of cosines {cos λ n x} n∈N has the same property.
